ABSTRACT Models are computed for red dwarf stars, with the hydrogen convection zone taken into account. The calculations show that in red dwarfs this outer convection zone extends inward for a distance of about 30 per cent of the radius of the star. The central temperatures of these models are found to be much lower than the central temperatures of models computed under the assumption of radiative equilbrium throughout the star. Thus the earlier difficulty of an overproduction of energy by the proton-proton reaction does not appear in these models.
I. INTRODUCTION
The problem of the internal structure of red dwarf stars has attracted considerable attention in recent years. The first work on this problem 1,2 » 3 led to the conclusion that the proton-proton reaction, if it is an allowed nuclear transition, is the main mechanism of energy production in these stars. It is now clear that the proton-proton reaction is allowed, 4, 6 but models incorporating this effect and computed under the usual assumption of radiative equilibrium always give, with any reasonable chemical composition, a computed luminosity much higher than the observed luminosity. 4, 6 A possible reason for this discrepancy has been suggested by Strömgren, 7 who has pointed out that in the red dwarfs the hydrogen convection zone may be expected to extend down deep into the interior. The reason for this is that the lower temperatures and higher densities in these stars favor the convective transport of energy. Models computed by Biermann 8 show that the central temperature is smaller in a star with a large outer convection zone than in a star with no outer convection zone. The reason for this is that in a convective region the temperature gradient is lower than the radiative temperature gradient, so an extensive outer convection zone will reduce the central temperature and hence also the luminosity. These considerations show that a star with a deep hydrogen convection zone may have a quite different structure from a model computed under the assumption of radiative equilibrium throughout, and that the differences in structure are in the right direction to explain the difficulty quoted above. Detailed calculations of models with the effects of convection taken into account are necessary to see whether the red dwarf stars can be understood in these terms. Biermann 8 has dis-1953ApJ...118..5290 530 DONALD E. OSTERBROCK cussed stellar models with large hydrogen convection zones, and Öpik 9 has computed several series of models with outer convective regions. However, it was felt that a series of models specifically computed with the opacity, energy production, and chemical abundances to be expected in red dwarf stars was needed, and the present investigation was undertaken along these lines.
Now it is well known that in computing the structure of á star in radiative equilibrium it is a very good approximation to take the boundary conditions at the outer surface as given by T = 0 and P = 0. Actually, the correct physical condition is that the temperature has a specified value at some given pressure in the atmosphere, but changes in this temperature have no appreciable effect on the internal structure 10 so long as the outer layers are in radiative equilibrium. However, as Biermann 11 has shown, for stars in convective equilibrium in the envelope, the conditions in the outermost region do play a role in determining the internal structure. The reason is that in convective equilibrium there is an adiabatic relation between temperature and pressure similar to the monatomic gas relation, p = Kiy/w-1 ),
and at any rate the temperature and pressure go to zero together. Thus for stars in convective equilibrium, one cannot simply take P = 0 and P = 0 as the boundary conditions at the surface of the star, because this would leave K undetermined, while, in fact, K is determined by the atmosphere. 12 Therefore, in the next section a rough model is computed of the outermost layers of a typical red dwarf star, for the purpose of obtaining an estimate of the approximate value of K.
II. THE ATMOSPHERE AND HYDROGEN IONIZATION ZONE
The atmosphere of a late-type dwarf is in radiative equilibrium at the surface, but at some depth the radiative temperature gradient becomes unstable against convection. We wish to discuss the structure of this hydrogen convection zone in later-type dwarfs in order to find the proper boundary condition for the interior. Only relatively crude models of the outer layers of the stars are necessary for our purposes.
We take the average of the two components of Castor C as a typical red dwarf with well-determined mass, radius, and luminosity. Starting from the surface, a model atmosphere 13 is integrated inward to the point at which convective instability sets in. This calculation gives the values of the pressure and temperature at the upper edge of the hydrogen convection zone. From this point an approximate model of the hydrogen convection zone is integrated inward to the region in which the ionization of hydrogen is essentially complete. The approximations made in this model convection zone are then tested and found satisfactory. Finally, the approximation used in the remainder of this paper for describing this zone is discussed. The details of these computations are as follows.
The model atmosphere is computed in the gray-body approximation, taking the opacity as due to only and using a constant opacity per E~ ion. Such a model atmosphere which neglects the effects of the many absorption lines and the frequency variation of k v is quite inaccurate but can be used to find the orders of magnitude of the pressure and temperature at which convection sets in. The equations describing this model atmosphere are: 
Here the number in equation (3) is a mean absorption coefficient of E~ taken from the table given by Münch; 14 p(r) in equation (4) is the solution of the gray-body problem and is tabulated by Mark; 15 and the other symbols have their usual meanings. In addition to these equations, the relation between P e and P and T is needed. Since the tables of Strömgren 16 do not cover the range of temperatures relevant to red dwarfs, new tables were constructed for this purpose, using the relative abundances among the metals as given in Kuiper's new compilation. 17 The mass, radius, luminosity, and effective temperature of the average component of Castor C used throughout this investigation are listed in Table 1 ; they were taken from KuiperV 8 list and differ only slightly from those Model atmospheres were computed for two assumed values of A, the ratio of number of hydrogen atoms to number of metal atoms. Condensed results of these integrations are presented in Table 2 . The condition for stability against convection is
the subscripts "rad" and "ad" denoting radiative and adiabatic, respectively. Hydrogen is essentially not ionized, even at the highest temperature in Table 2 ; so (n + l) a d = 2.5, and it may be seen that instability sets in at approximately r = 1.5 and at a temperature and pressure that do not vary rapidly with the metal abundance. From this point inward the star is unstable against convection, and we shall assume that it is, in fact, in convective equilibrium. Furthermore, we shall assume that the temperature gradient is the adiabatic gradient. These two assumptions may be regarded as giving a first approximation to the structure of the convective region ; after computing the structure in this approximation, the assumptions will be checked, and, as will be seen below, it turns out that they are satisfactory.
u Ap.J., 106, 217, 1947 . 16 Phys. Rev., 72, 558, 1947 while the temperature variation is given by the adiabatic relation. The computation has been carried out in the way suggested by Unsold, 20 using directly the condition that the entropy per unit mass be constant to compute the adiabatic P, T relationship. The 
together with equation (6), where S = entropy per hydrogen nucleus, apart from an additive constant, N = number of hydrogen nuclei per unit volume, x = ionization potential of hydrogen, and the other symbols have their usual meanings. The departure of M r from its surface value M is negligible.
As starting values we have taken from Table 2 log T = 3.60 and log P = 5.56 as the temperature and pressure at the top of the convection zone. The integration is then carried out by solving equation (7) for x H as a function of T with S/k = 9.3224, the entropy per nucleus fixed by the starting values of T and P at the top of the convective 20 Zs./. Ap., 25,11,1948 RED DWARF STARS 533
zone. Equations (8), (9), and (10) then give P and p as functions of T; and, finally, equation (6) is integrated to give r as a function of T, The results of this integration of the structure of the model convection zone are presented in condensed form in Table 3 . Next, the accuracy of this first approximation for the structure of the convection zone may be checked. To make this check, the departure of the temperature gradient from the adiabatic gradient may be computed by using the equations given by Biermann 8 and by Öpik 21 for the convective transport of energy. Taking the mean free path of the turbulent elements as given by the scale height, we find that at the level log T = 4.00 the true temperature gradient differs from the adiabatic temperature gradient by only 4 per cent of its value. This justifies the approximation used above. This same calculation also shows that at this level the flux transported by radiation is less than one one-hundredth of that transported by convection, and it also gives î; ^ 1.4 km/sec for the mean velocity of turbulence. Finally, it may be seen from Table 3 that at log T = 6.0 hydrogen is nearly completely ionized and that w + 1 has very nearly reached the monatomic gas value, 2.5, so that from this point inward the adiabatic relation (1) holds with 7/(7 -1) = w + 1 = 2.5. Furthermore, the constant K in this equation may be determined from the last values of P and T in Table 3 , log P = 13.85, log T = 6.00, which give log K = -1.15.
III. THE CONVECTIVE ENVELOPE
In the previous section it was seen how a model convection zone can be integrated inward through the region of ionization of hydrogen. This process can be continued further inward as far as desired; but, once the region in which the ionization is nearly 21 M. N., 110, 559, 1950 534 DONALD E. OSTERBROCK complete has been reached, a simpler procedure is available. For in the interior regions hydrogen is practically completely ionized, and the adiabatic relation is that of a monatomic gas, i.e., w + 1 = 2.5. We then have, with the substitutions
The value of the constant E is fixed by comparing equation (12) with equation (1), with 7/(7 -1) = 2.5, which gives
For the model convection zone computed in the previous section for Castor C av, the value of this quantity is £ = 13.6. However, this value for Castor C av is only approximate, since it depends upon the opacity in the atmosphere and upon the detailed theory of turbulence, neither of which is accurately known. It appears that the theory of stellar interiors is sufficiently advanced that we can find the conditions in the interior to a good approximation ; we must allow for our uncertainty of the structure of the outermost parts of the star by permitting the model of the envelope to vary, using the model computed in the previous section only as a guide. Furthermore, other red dwarfs will differ from Castor C av in their E values. For these reasons we shall not restrict ourselves to constructing one model with the computed E for Castor C av, but rather shall compute a series of models corresponding to a series of values of E which bracket the value for Castor C. We shall finally fix the value of E by the condition that the over-all model of a star fits the observational data, but we expect that the value of E will agree with that of the computed model convection zone within its uncertainties, which means within a factor of about 2 or 3.
For computational purposes we shall take the monatomic gas region as extending to the surface, that is, we shall take as boundary conditions ç=l, ÿ = 0, at x = 1 .
This means that we shall make an error of a few per cent in the computed radius of the star; for, once the region of ionization of hydrogen is reached, the temperature gradient is somewhat less steep than that given by n 1 = 2.5. This is illustrated in Figure 1 , which shows the variation of t with x for the model convection zone tabulated in Table 3 and for the solution with E = 13.6 and the boundary conditions of equation (16). The scales of x are shifted by 0.025, to make the two curves coincide for high temperatures, and therefore the computed radius of the simplified model is incorrect by 2.5 per cent.
Thus, to^describe the structure of the outer convective zone, integrations are needed of equations (12)- (14) with boundary conditions (16). A series of 24 such solutions was computed by numerical integration, 22 covering the range 23 E = 8 to E = 46. These integrations were performed on the electronic computer of the Institute for Advanced 22 To be published in a forthcoming Princeton U. Obs. Contr. 23 The value of E for the solution regular at the center, which is tabulated in Brit. Assoc. Adv. Sei., Math. Tables, Vol. 2 (1932) , may be shown to be £ = 45.48 in the notation used in the present paper.
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Study. 24 The form in which the equations were used in the machine integration was suggested by Dr. von Neumann, the basic coding was laid out by Dr. Goldstine, while Mrs. Selberg performed the final coding and supervised the actual computations. In addition to the variables x, p, /, and g, the homology invariants, 
IV. THE CENTEAL RADIATIVE REGION
Red dwarf stars have been shown 25 to be in radiative equilibrium at their centers; they do not have convective cores. Hence the equations of radiative equilibrium may be integrated from the center outward to the point at which they become convectively unstable according to criterion (5). From this point outward the structure is,convective and is described by the equations in the preceding section.
We assume that the energy production is completely due to the proton-proton reac- tion, which may be represented over the temperature range in which we are interested by the interpolation formula e = €opr 4, 5 (is) with (10 7 ) 4.5
The opacity is assumed to be due to photoioni^ation of metals, present in the Russell mixture proportions, as given in the tables of Morse. 27 In his paper the opacity is written 4.34 X 10 25 Z J'S .5
P<l + x>(f),
and the guillotine factor (t/g) is tabulated. For the red dwarf models we shall approximate the guillotine factor by the interpolation formula 
Under these assumptions the equations describing the structure in the radiative region can be reduced as follows:
Dimensionless variables:
Equations (11) Logarithmic variables:
(29) 86 The numerical value comes from the value of the energy produotion by the proton-proton-reaction given by Salpeter (op. cit.). 
It may be noted that we have chosen the five constants ^o, #o, ¿o,/o, and x^ to fulfil the four requirements (30). This leaves one constant still at our disposal, which we may therefore choose at will without restricting the physical solution. We have fixed this constant by setting k equal to the value of ¿ at ae = 0, a procedure which gives the boundary condition (32), r = 0 at # = 0. This leaves only one arbitrary choice to be made, the value of X at ae = 0, which we write \ c ; and the radiative interiors thus form a oneparameter series of models which may be classified by the value of \ c or, alternatively, by the value of the polytropic index at # = 0, l0g(W+ 1) c = ~ 2.5\ c .
This relation follows from equation (33), noting that q/f = dq/df at # = 0 and using conditions (31). Starting values for the integrations were found by power-series expansions valid near x = 0. Eleven numerical solutions 22 of these equations were integrated outward from the center to the point at which w + 1 fell to 2.5. From this point outward a convective envelope must be fitted to construct a complete stellar model.
Several of these solutions are plotted in the U, V plane in Figure 2 , together with the solution radiative to the surface, discussed in the next section, and also a solution that asymptotically becomes isothermal, with w + 1 increasing steadily outward. 
V. CONSTRUCTION OF COMPLETE MODELS
A complete model consists of a central radiative region, described by the integrations of Section IV, together with a convective envelope, described by the integrations of Section III. At the interface between these regions, AE, p, q, t, and / and therefore also U, F, IF, and w + 1 must be continuous. A series of models has been constructed using these conditions by fitting an interpolated convective exterior to each computed radiative interior. The fitting procedure is as follows:
From an integration of a radiative interior, read off values Ui, Fi, and IFi for the point at which n 1 = 2.5, and the values of \i, n, \pi, and 4>i at this point. Interpolate in the U, V plane between the convective exterior solutions to find the solution which passes through the point U = Ui and F = Fi, and from this convective solution find the values x h pi, h, and qi at this point. Then, solving the equations X! = log -, (35) Tl = log I , ^1 = log ,
gives the four quantities xo, po, to, and q 0 . In addition, in the convective exterior, by integrating equation (26), with the boundary condition that at the outer surface of the star L r =Z, or in our notation / = 1 at # = 1, we find
This integration can be carried out for each convective solution and interpolated between solutions. Equation (36) It may be noted that we have been able to carry out the fitting for/ directly, without using the homology invariant IF defined by equation (32), as a consequence of the fact that the structure of the convection zone does not depend on the distribution of energy sources in it.
Next the value of C may be computed from the third of conditions (30), and, finally, with po and t 0 known, the central values p c and t c can be computed from the values X c and r c (= 0). The mathematical characteristics of the models computed in this way are listed in Table 4 .
Although attention has been confined to models that would fit red dwarf stars, for purposes of comparison one additional model has been constructed which is in radiative equilibrium to the surface. To construct this model, a radiative solution 22 was integrated from the outer boundary inward according to equations (13), (14), (25), and (26) with the boundary conditions g = / = 1 and ¿ = ÿ = 0 at # = 1. The parameters C and D were varied to fulfil the conditions of fitting this radiative envelope to a radiative interior. The mathematical characteristics of this model ar^ also ¡listed in Table 4 28 using the same opacity law (a = 0.5 in their notation) but with a convective core, that is, with a very high temperature dependence of the energy generation. This comparison gives some insight into the effects arising from the concentration of energy sources toward the center of the star.
To summarize, a series of models has been computed, each consisting of a radiative core and a convective envelope. These models form a one-parameter series, each member of which may be labeled by the value of (w + 1) c . All the other quantities are determined from the fitting conditions, and so, for instance, one may alternatively use E as the single parameter which describes a model. Thus the value of E determines the model and in turn determines the other mathematical properties of the model, including xi, the radius of the interface, and C and D.
VI. PHYSICAL RESULTS
We shall now use the models described in the previous sections to determine the physical conditions in red dwarf stars. Let us confine our attention to a particular star, say Castor C av, for which the observations give the values of M, R, and L. Suppose, now, that we know the correct model which describes this star, that is, we know the value of (27) and (28) give two conditions on the chemical composition. Now the composition is determined by three parameters, X, F, and Z, but there is one relation between them, namely, X+F + Z= 1, so we may regard two of these parameters-say, X and Z-as the two independent parameters which describe the composition. Thus the above two conditions just determine the two parameters of the composition. This is essentially the procedure used in finding the composition of, say, the sun from its internal structure.
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In the present case, however, the correct model is not known because the value of E found in Section III cannot be regarded as an accurate determination. We therefore do not have a single model but a one-parameter series of models, classified by the values of £. We must determine not only the composition but also the model, so we have three quantities, E, X, and Z, to be determined by only two conditions, equations (27) and (28). It is apparent that we cannot determine a unique solution but can rather determine a series of possible sets of solutions. The procedure followed was to assume a value of hydrogen content X and then solve for the other two unknowns, E and Z. The solutions were carried out graphically, as shown in Figure 3 , in which the solid curve is a plot of C against D for the series of models. Each dot represents a computed model; the curve has been sketched through these dots. For a given star, such as Castor C av, we choose a DONALD E. OSTERBROCK value of X-say X = 0.90-and compute as a function of Z the values of C and D for this hydrogen content by equations (27) and (28). These values of C and D are indicated by the dashed line; the point where this dashed line intersects the solid curve gives the model (value of E along the solid curve) and the value of Z (along the dashed line) corresponding to this value of X. Then the values x h h, pi, qi, t c , p c , etc., can be determined for this model by interpolation with E as argument, and finally the values of the physical quantities, such as T\, the temperature at thé interface, and p c and T c , the central temperature, and the density may be found. This whole process may be repeated for any assumed value of X. We thus determine a table of possible compositions of Castor C av, together with the possible central temperatures, depths of convection zone, and so on, corresponding to each possible composition. This information is summarized in Table 6 .
This same procedure may be applied to any red dwarf star for which observed values of M, R, and L are available. We have taken as two typical examples the stars a Cen B and Kr 60 A, whose spectral types are K1 and M4+, respectively. The values of mass, luminosity, and spectral type listed in Table 1 for these two stars are from an unpublished table of the best-determined stellar masses, compiled by Dr. K. Aa. Strand and Dr. R. G. Hall at Yerkes Observatory. 30 The effective temperatures are from Kuiper's tabulation, 14 and the radii then follow immediately. The possible abundances determined for a Cen B are listed in Table 6 also, and it may be seen that they agree well with those determined for Castor C av. There are a few other stars in the list of Strand and Hall intermediate in spectral type between a Cen B and Castor C av, and they likewise may be fitted with reasonable abundances. It must be noted that no claim is made for the detailed accuracy of these derived abundances, because the approximations used in con- structing the models introduce some errors. As shown in the next section, however, these errors are small. The star Kr 60 A, which has the latest spectral type, M4+, of all stars considered here, cannot be fitted to one of these models with any reasonable abundances; it would require a very low hydrogen content. We shall return to a discussion of this star in the next section.
We have seen, however, that red dwarfs of spectral type MO or earlier can be fitted by the models of this paper. In deriving possible sets of abundances, we have not assumed values of X smaller than 0.70 because we expect the abundances to be similar to those that occur in the sun, the atmospheres of early-type stars, planetary nebulae, etc. It should be noted not only that the fitting can be carried out but also that the resulting value of Z is small. This means that red dwarf stars can be understood in terms of normal abundances, consisting mainly of hydrogen and with helium much more abundant than the metals. Furthermore, as shown by Table 6 , over the range of values of X considered likely, that is, X ^ 0.70, the values of central temperature, depth of the convection zone, and temperature at the bottom of the convection zone do not change much with the assumed value of the hydrogen content.
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vn. CHECKS OF ASSUMPTIONS
Finally, we shall turn our attention to a check of the assumptions made in computing the structure of the red dwarf models. First of all, we consider the parameter E, which describes the outer convection zone. From the model convection zone for Castor C av, the value of this quantity is E £±¿ 13.6, while the determination from the interior of the same star gives E in the range of 18.7 to 19.9. These values therefore agree within the uncertainty of the determination of the atmospheric value of E. It appears that the determination from the interior structure is relatively firm, so that future work should attempt to explain the structure of the atmosphere, using the value of E derived from the interior. As we have not computed a model convection zone for a Cen B, we cannot apply the same check to this star.
Similarly, we shall apply our other checks to the Castor C av model, and we shall use as a definite case the model with X = 0.80 to compute the run of temperature and den-31 See, e.g., Trans. I. A.U., 7, Part IV, 1950 lotine factor in the radiative region up to its boundary are needed, and these are plotted in Figure 4 against log p(l + X). It may be seen that the straight-line approximation of equation (21) is sufficient for our purposes. The opacity at the center is 2.7 cm 2 /gm, and the electron-scattering opacity, 0.20 (1 + X) =0.4 cm 2 /gm, is small enough to be neglected in comparison with this.
The relative contribution of the free-free transitions 2 ' 6 ' 32 in hydrogen and helium to 32 F. Hoyle, Trans. I.A.U., 7, 481, 1950.
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the opacity must also be estimated. If this opacity is expressed in the form of equation (20), then the free-free opacity in hydrogen and helium corresponds to a guillotine factor 27 ÍL \ 117 9 Z V£/// gff (38)
The appearance of Z in this equation comes from the fact that we are expressing the freefree opacity as proportional to Z by using equation (25), and we must again divide out this dependence in the guillotine factor. The usual procedure is to assume g// = 1, but, according to calculations of Zirin, 33 the effective g factors for free-free transitions at T --8 X 10 6 and p(l + X) 135 gm/cm 3 (the central conditions for the Castor C av model) are 0.30 for hydrogen and 0.35 for helium, the reduction from the value g/y = 1 being due to shielding effects. If we take a mean value g// = f, we find lo g(^)
=3 -55+lo g z > Vg/// (39) which makes this guillotine factor larger than the guillotine factor of the metals opacity, even at Z = 0.01. Since the opacity is inversely proportional to the guillotine factor, the conclusion may be drawn that the opacity is determined mainly by the metals and that the interpolation formula (21) is sufficient for our present purposes.
One further check is necessary to test the effect of the thermal conductivity on the flux of energy. In terms of the conductivity, a conductive opacity 34 may be defined which may be compared directly with the radiative opacity. This conductivity may be evaluated by means of the tables of Mestel, 35 and the result is that at the center of the Castor C av model the radiative opacity is about a hundred times more important than the conductive opacity; so the latter may safely be neglected. We thus see that the various approximations used in computing the red dwarf models are justified for dwarfs of spectral type M0 or earlier.
In the case of Kr 60 A, the red dwarf with the smallest well-determined mass, it may be that conduction and incipient degeneracy begin to affect the structure, as suggested by Williamson and Duff 2 and by Aller. 4 It is clear from Section VI that the models of the present paper, which seem to take most of the other physical effects into account, do not fit Kr 60 A with any reasonable abundances of the elements. However, it should also be mentioned that there is some uncertainty in the bolometric correction for Kr 60 A.
VIII. SUMMARY
In this paper models of red dwarf stars have been constructed in which the presence of the outer convection zone has been taken into account. These models show that the red dwarf stars can be understood as stars with normal abundances of the elements, similar to those in other astronomical objects. Values of the helium content Y and the metal content Z for various assumed hydrogen contents X are summarized in Table 6 .
The essential feature of red dwarf stars in which they differ from early-type stars is that in the red dwarfs the convection zone extends deep down into the interior of the star. For the two stars considered-a Cen B, spectral type Kl, and Castor C av, spectral type M0-the depth of the convection zone is of the order of 30 per cent of the radius of the star.
The various physical quantities listed in Table 6 are relatively well determined in each star, in spite of the uncertainty in the exact hydrogen content. Furthermore, it may be 33 Private communication. I am very grateful to Dr. Zirin for informing me of the results of his work prior to publication. 84 T. D. Lee, Ap. J., 111,625, 1950 . 36 Proc. Cambridge Phil. Soc., 46, 331, 1950 
